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Appendix B: Supplemental Material

B.1 Clustered (Grouped) dependence in spatial setting

In this subsection, we provide a set of primitive conditions and prove the key conditions used in the
main body of the paper to establish the GMM theory under fixed-G asymptotics. The two main
results that we investigate are the joint central limit theorem (CLT) condition in Assumption
1-ii) and the uniform law of large number (ULLN) for the Jacobian process in Assumption 3-i).
Relating our work to existing literature of spatial econometrics, Conley (1999) considers weakly
dependent spatial random fields and develops an asymptotic theory for GMM estimation, but does
not have cluster or group structure. Bester, Conley, and Hansen (2011, BCH hereafter), which
is closely related to our clustered structure, considers a spatial setting with group structure and
makes an essential contribution toward providing a set of regularity conditions that are sufficient
to obtain their fixed-G limiting distributions. However, the asymptotic theory developed in BCH
(2011) is only applicable to the exactly linear regression model, and it thus is limited to apply
our GMM setting with potentially non-linear moment conditions. Also, BCH (2011) assumes the
exactly equal cluster size, whereas we allow the cluster sizes to be unbalanced.

We follow Jenish and Prucha (2009, JP hereafter) and consider a generic spatial random filed
{Yin}icp, which is located on a sampling region B,,. We assume that the sampling region B,
has n observations, and B,, is a finite subset of Z,, where Z, is a (possibly unevenly spaced) v-
dimensional integer lattice which grows uniformly in v non-opposing directions, as n — oo. The
clustered structure in spatial setting means that the spatial process {f(Yin,0),7 € By} can be
partitioned G sub-sampling regions in B,, = ulegg,n, ie.

{F(Yin:0),i € By} = USy{ fin(0) 1 i € Gy}

For given sub-sampling region G C B,,, we use |G| to refer the number of samples in the region,
e.g. |Bn| = n and |Gyn| = Ly. We also assume that Z, is equipped with the matrix function
dist(, j) = max{|i1 — 1|, - -, [iv — Ju|} for any two ¢ = (41,...,4,)" and j = (j1,...,J») in Z,. The
distance between any subsets U,V C RY is then defined dist(U, V) = min{dist(4,7);7 € U and
j € V}. All elements in B, are assumed to be located at minimum distance of dy > 1 uniformly
over sample size n. Without loss of generality, we assume that the minimum distance dg = 1.
Definition below is the standard notion of a strong mixing coefficient of spatial process a generic
random field {W; ,,}icp, in JP (2009).

Definition B.1 (Spatial mixing coefficients) For given sub-sampling regions U C B, and
V C By, let op(U) = c({Winticu) be the smallest o-field generated by {W; ,}icu, and define
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on (V) similarly using V. Then, the a- and ¢- mizing coefficients between o, (U) and o, (V) are

defined as

an (U, V) = sup {P(ANB)— P(A)P(B)}; (B.1)
A€on(U), BEan (V)

6,(U,V) = sup [P(A|B) - P(A)}. (B.2)
A€on(U), BEon(V),P(B)>0

Also, the generalized - and ¢- mizing coefficients, with k,l,d € N, for a spatial random filed
{Wintien, is defined as

agi(d) =sup sup {an(U,V);|U| <k, |V| <L, dist(U,V)>d}; (B.3)
neNU,VCB,

¢k,l(d) = Sup Sup {¢n(Ua V)a |U| < ka |V‘ < lv diSt(U7 V) > d} : (B4)
neNU,VCB,

Given k and [, the a- and ¢- mixing conditions requires ay,i(d) and ¢y ;(d) to decays zero as
d — oo, respectively.

B.1.1 Primitive conditions for ULLN of Jacobian Process

We begin by imposing the following set of mixing conditions.

Assumption B.1 (o~ and ¢- mixing) The observations on By,,{Y;n}icB,, satisfy the follow-
ing a- and ¢- mizing coefficients

i) Z;il dV_loéLl(d) < 0.

i) Y a1 dV*l¢1,1(d) < 0.

The mixing condition in Assumption allows for general form of weak dependence, to-
gether with heteroskedasticity and non-stationarity, among the cross-sectional units Y; ,,. See, for
example, Bolthausen (1982) and JP (2011). Since the mixing conditions are characterized by
the entire sampling region B, Assumption allows the dependency across any different sub-
sampling regions, clusters. The mixing conditions are also provided in BCH (2011) to give the
spatial LLN and CLT, but only the a-mixing condition is discussed. Given our m-dimensional
moment process f(Y;p,60) on © C R, let q(j)(Yi,n, ) be dm x 1 vector valued stochastic function
vec(Of (Yin,0)/6'). In addition to Assumption we further impose the following conditions on

{ay(Yin, 0) }ien, -

Assumption B.2 For each j =1,...,dm, the following conditions hold:
i) SUpP,eN SUPep, E[d%;)i.m] < 0o for some § > 0, where dj); n = sSuPgee |9(j)(Yin, 0)|-

ii) For all 0,0" € ©, the stochastic function q(j)(Yin, 0) satisfies
|Q(j) (Yin,0) — q(j)(Yi,n, 9| < R, - h(0, 0') almost surely,

where h(0,0') is a non-random function such that h(6,0') — 0 as 6 — 0, and {R;,}icB, are
random variables which do not depend on 6 such that



Recalling that f(Y;,0) is Borel-measurable and continuously differentiable function at each
0 € ©, for each j, it is easy to check that {q(;)(-,0) : i € B,,n € N} is also a well defined families
of Borel measurable functions for a given 6 € ©. Since the a-mixing and ¢-mixing coefficient
conditions in Assumption are preserved under any measurable transformation, the random
field {q(;)(Yin,0)}ien, also satisfies Assumption at each 6 € ©. Assumption i) implies
the uniform L;,s-boundedness condition of q(j)(Y;-m,H). In the context of linear IV regression
model with f;,,(00) = Zin(yin — x;7n00), Assumption i) is guaranteed once we assume that
for some r > 1

sup sup E[Z(er)m] < 00 holds with s =1,...,m; (B.5)
neNieB,
sup sup E[x%g)m] < 00 holds with s =1,...,d. (B.6)
neNie€By,

Assumption ii) imposes the smoothness condition on the moment process. It is trivially
satisfied in the linear moment condition.

Proposition B.2 Under Assumption z) or Assumption z'z'), and Assumption

sup ! Z afi(e)—f‘g(e) 2o

T /
oco || Lg i€Ggom 00

holds as n — oo holding G fized, for each g =1,...,G.

The proof of proposition is given in Subsection [B.1.3]

B.1.2 Primitive conditions for CLT for Group Means

In this subsection, we provide a joint CLT for the following G-array of (scaled) group means

!/

\/1LT Z fi,n(Ho)’,...,\/% Z fin00) | € RE™, (B.7)

iegl,n iegG,n

which is established under asymptotically unbalanced cluster sizes. The joint CLT focuses on the
a- and the ¢- mixing conditions introduced in the previous section. We impose the following set
of mixing and moment conditions.

Assumption B.3 (a-mixing) The observations on By, {Yin}ieB,, satisfy the following a-mizing
coefficients for some & > 0.

i) a2y & ()75 < oo

i) Y00 d Lag(d) < oo for k+1< 4.

i1i) a1 00(d) = O(d7V70).

Assumption B.4 (¢-mixing) The observations on By, {Y;}icB,, satisfy the following ¢- mix-
ing coefficients

i)Y at dy_1[¢1,1(d)]1/2 < o0.

i) Y geq d" ey (d) < oo for k+1<4.

iti) @1 oo(d) = O(d™"7%) for some § > 0.



Assumption B.5 sup,cysupiep, El||fin(00)]|*T°] < 0o for some § > 0.

Assumptions and are mixing conditions for the spatial random field {Y; . }icp,. It
is important to point out again that the conditions allow the weak dependence to be presented
among different clusters as well as within-cluster. Assumption is a moment restriction that
guarantees the uniform Lo-integrability condition for {f;(6o)}icp,. In the linear IV model, the

condition holds if (B.5) and

2
€Z; n90

sup sup E[ ] < 00 holds with u;,, = yin —
neNieB),

hold for some r > 2. Our Assumptions are necessary for establishing CLT of the spatial
random field {f; »(6o) }ieB,., see, e.g., Dedecker (1998) and JP (2009).

Assuming that the size of each cluster L, grows to infinity but the number of cluster G is
fixed, BCH (2011) develops a CLT for a linear regression model. Following BCH (2011), we use
the notation 0G,,, to refer to the boundary of region G, and define it as

0Ggn = {1 € Gy n; There exists j # G, , such that dist(i, j) = dp and g # h}.

Assumption B.6 i) Groups are mutually exclusive and exhaustive. i) Groups are contiguous
in the metric distance function dist(-,-). ii) For all g = 1,...,G, |0Gg | < CL* where L =

- ZgG:1 L

Assumption B.7 Forallg=1,...,G,

lim wvar Z fin(B0) | = Q4> 0.

Lg—>00 v legg n

Assumptionis about geographical restrictions on clustered sampling regions {Gi,...,Gg}.
Assumption [B.7] guarantees that each group has asymptotically non-negligible variations in the
limits. Parts i)-iii) in Assumption is similar to conditions i)-iv) in Assumption 2 of BCH
(2011), but our condition iii) substantially relaxes the conditions iii)-iv) in BCH (2011) because
it does not require the equivalent cluster sizes, Ly = Ly = ... = Lg = L. In fact, what we
need to establish the joint CLT for the random array in is each cluster size growing at the
same rate. The corresponding cluster sizes are allowed to be unbalanced, even asymptotically.
The following proposition formally provides the joint asymptotic normality and independence of
cluster means.

Proposition B.3 Under Assumption [B. or Assumption [B.4, and Assumptions[B.6 {B.7,and
n — oo such that G fized with Ly/n — Ay > 0, we have

\/% Ziegl,n fz,n(go) Ql 0
: N o, - (B.8)
7= Zicdq,, Fin(00) 0 Q0

The proof of proposition is given in Subsection It proceeds by showing that the G-
random array in (B.7)) after rescaling converges to multivariate normal distribution, and the
corresponding variance covariance matrix is block diagonal in the limit. Our proof of proposition



extensively follows from those in BCH (2010), but the difference is that we allow for asymptotically
unbalanced cluster sizes. Also, we explicitly investigate the joint asymptotic normality of the G-
random array in . This makes our proof more straightforward than those of BCH (2011) who
explain the joint convergence only through the marginal convergences of each single summation
in .

For g,(0) =n~! > i, fin(0), then the total sum of moment process can be decomposed into
the following form of cluster sums

\/>9n 90 \/7\/— Z fln 00

’Legg n

Then, the result in Proposition together with continuous mapping theorem implies the fol-
lowing “fixed” cluster Central Limit Theorem (CLT):

Vngn(0o) = ZA AgBmg L N(0,9), (B.9)

g=1

where Q= 5| A, Q.

B.1.3 Proof of Propositions [B.2] and [B.3]

Proof of Proposition Let ng)(H) be the j-th element in vec(I'y(6)). It then suffices to
show that the following ULLN holds for each j = 1,...,dm,

1 .
sup| = D () (Y, 0) =T (0)| 0. (B.10)
6co g i€Gyum
We prove (B.10]) using Theorem 2-(a) in JP (2009). Setting the non-random constants ¢;, = 1
in JP (2009), we check that (B.10) holds if we show

1
lim limsup - Z E[d€j)7i,n1(d(j),i,n > M)] | =0 for some p > 1 (Domination); (B.11)

M—o0 Lg—o0

9 icGym
1 .
T Z ) (Yin, 0) — ng)(H) 2,0 for each 6 € © (Pointwise LLN); (B.12)
9 i€Gg,n

and the spatial random process {q(;)(Yin,0) : i € Ggn,n € N} satisfy

1
lim sup — E P | sup sup ‘q(j)(Y;,n,H) — q(j)(Y}m,Q’) >e| —0, as d — 0. (B.13)
n Lg i€G 0'c© 6€B(0',9)

(Lo stochastically equicontinuity on ©)

We begin by showing the domination condition in (B.11]). It is not difficult to check that (B.11))
is implied by

lim sup sup E[d 1d'in>M]=0forsomep21_ B14
M—00neNiegy,n (4)im (d(j).i, ) ( )



Using Assumption i), we can choose p = 1 such that

sup sup E [d(j)ﬂ-’nl(d(j)’i’n > M)]

neNieGy n

<sup sup F [M*‘sd%;g‘sml(d(jmn > M)}
neNiEGyn 7

< sup sup FE [dﬁ‘zn} M > 0as M — 00,
neNieB, It

which gives us the desired result in .

To show the pointwise LLN in , we note that the generalized a- and ¢- mixing co-
efficients for the sub-sampling region {Y;,}icg,, can be easily specified by the definitions in
(B.1)-(B.3), and check that the mixing conditions in Assumption are also satisfied for each
g-th cluster {Y;}icg, - Moreover, the mixing conditions in Assumption for {Y;n}ieg,., are
preserved in its measurable transformation {q(;)(Y;,0)}icg, ., which indicates that the condition
(a) or (b) in Theorem 3 in JP (2009) holds. Also, it is easy to check that our Assumption [B.2})
directly satisfies the Assumption 2* in JP (2009), both of which state the pointwise uniform L;
integrability of q(;)(Yin,0). Therefore, we can apply Theorem 3 in JP (2009) and obtain the
pointwise LLN in (B.12).

Lastly, Proposition 1 in JP (2009) directly gives that our Assumption ii) implies the Lg
stochastically equicontinuity condition in . [

Proof of Proposition We want to show that the following joint CLT

ﬁ ZiEQLn fl,n(e[)) M 0
: SN | o, , (B.15)
ﬁ > icgg., Jin(00) 0 2aQc

which, together with Ly/n — Ay > 0, implies the joint CLT result in (B.8)). For any non-zero
t=(th,....tg) € RY™ with t, € R™ for g = 1,..., G, define

90(00) = Y thifin(00) + ...+ > tafin(00);

iegl,n iegG,n
ai,t = var(t'S,(0p))-

Also, for g,h=1,...,G, let

Vo = E || D fin(60) > fin(6o)

iegg,n iegh,n

Then, we can express

2 G
It Lg / Vggyn 1 /
= = E (n) -tg ( L, ty + - E thgh,ntb (B.16)

g7h



By Cramer-Wold device and Slutsky’s theorem, (B.15)) is implied by

2 G
Ug’t — Z Ag(tyQgtg) > 0; (B.17)
g=1
/
¥9n(00) 4 (0,1). (B.18)
On,t

Without loss of generality, we consider the case when {f; (o) }icB, is a scalar random field. The
vector case can be dealt with making an arbitrary linear combination of f;,(fp) and repeating
the Cramer-Wold device.

We first prove for a-mixing random field. In view of , Assumption and
Ly/n — Ag >0, holds if
<3 S 1B funl0) fin(00)] — 0 (B.19)

iegg,n jegh,n

1
g‘Vgh,n

for any g # h. Define the set of d-th order neighbors located on two different clusters g # h,
Nyn(d) =A{(i,5) € By x By, : dist(4,j) =d, i € Gy, and j € G}

Under Assumption we can use a standard a-mixing inequality, e.g. Lemma 1 in Bolthausen
(1982), and obtain

|E fin(00) fin(00)] < A- [al,l(d)]% (B.20)

for any (i,7) € Ngn(d), where A is a positive constant. Also, using the same arguments as
the proof of Lemma 1 in BCH (2011, p.149), we can check that the geographic restrictions in
Assumption imply that

IN,u(d)| <C, L7 -d (B.21)

for some C), which only depends on the dimension of the index set v. That is, the maximum
—v—1
number of pairs in d-th order neighbor set is bounded by C), - L™» - d. Combining the results in

(B.20) and (B.21)), we obtain

SN Efin(00) fin(B0)]
ieggm, jegh,n

— > |E fin(60) fi.n(60)|

d=1,(4,j)€Ng,n(d)

<0 <E"31) : gd[au(d)]?i‘%

Together with Assumption i), the above inequality leads to

% S 3 Elfin(80) fin(60)]

/[:GGQ,TL jegh,n

<so(5) gd[amwnﬁa ~ o(1),



which is the desired result in (B.19). The proof in the case of ¢-mixing random field follows
immediately using the same arguments as above, but replacing (B.20)) by the following ¢-mixing
inequality, e.g., Hall and Heyde (1980, p. 277)

(B fin(00) f1.0(00)] < A~ [6y1(d)] .

Next, we prove the result in It is straightforward to check that U " ity £7,(00)
i € Ggn} is a measurable transformatlon of the original process {f(Y;n,00),% E B}, so it also
satisfies the a-mixing [¢-mixing] conditions in Assumption [Assumption [B.4]. Then, the
(joint) CLT for the a-mixing fields ngl{)\gtgfig’n(%) 11 € Ggp}t follows from Corollary 1 in JP
(2009) by setting their non-random constants ¢;, = 1, if the conditions below are satisfied for
some d > 0 :

hmm%ﬂW%WWMWDM}O (B.22)
M —oo n i€By
2
Unt
lim inf > 05 (B.23)
n—oo N
E ag D(2;r6) e . (B.24)

It is not difficult to check that (B.22]) is implied by our Assumption Also, (B.23) is proved by
. To show that our Assumption i) implies (B.24]), note that the ratio of two summands

in Assumptlon E—i and is equal to
v(2+46) 4

a11(d)d s 5
11(d) = (dval,l(d)w) . (B.25)
dl’—lalyl(d)%r&

AN

If Assumption [B.3}) holds, we check that

o)
dVOzl,l(d>m — 0,
so the ratio in (B.25]) converges to zero as well. Thus, given € > 0, our Assumption i) implies
that there exists m € N such that

Zall 1/(2—1—(5)/6] 1 <e€- Zdy 1 ( )6/(2+§) < o0,

d=m

which leads to the desired result in . For the ¢-mixing case, we check that our Assumption
and Assumption E B.5| directly satisfy the Assumptions 4 and 2 for Theorem 1 in JP (2009),
respectlvely, which leads to the (joint) CLT for the ¢-mixing random field U ~1{\gtg ffn(ﬁo) NS
Ggn}- This completes the proof of (B.1§ -



B.2 Proof of Proposition

Proof. Let UXV’ be a singular value decomposition (SVD) of I'y. By construction, U'U =
UU' = I, V'V = V'V = I, and
v [ Adxad }

Oq><d
where A is a diagonal matrix. Then,
R[M\S'T4] ' T\S§'B,, = R[VEU'S 'USV'] ' VE'U'S B,
— RV [YU'ST')=V] S [U'STHU] (U'By)
LRV [2'S'%] 'S B,,

where the distributional equivalence holds by a rotation invariance property of [B,,,S™!]. Denot-

ing
§dd  §dg
o—1 _ dxd dx
[S ]me - ( Sqd Sq(l]] ) )
gxq gxd
we have
_ 1 N1 _ o _
RV [¥§7'2] ' Y§7IB, = RVATI(SM) (4)7 A (5%,8%) B,
= RVAT [ 1, (8%)'s% | B,
= RVA™'[By—S4S, B, -
where the last equation follows by the partitioned inverse formula that S% = —degdqggql. Simi-

larly, we obtain
R[MAS'TA] "R LRV [Z'S'S] ' V'R
— RvA~! () )y VR
= RVA 'Sua,(A) V'R,
where gdd.q = Sqq — §quq—q1Sqd. Therefore,

ac. d a G
Faey)(02) = Faco =

. [RVA™Y (By — S4,S;; By)]' (B.26)
x (RV A7 'Saq(A)"WV'R) " [RVA™ (Bg — SagSy) By)] -

Let ﬁpxpivd/xd be a SVD of RVA™!, where ¥ = (flpxp, Opx (d—p))- By definition, V is the matrix
of eigenvectors of (RV A~1)(RVA™1). Then,

Fo £ < (Ba—SuSpy By) VS [USV/S00, VST U8V [By — 84,80 B,

vy [ivlgddqf/i/} s [Ba — SagSqq B

<t
i
&
|
<t
%)
o
_Q
@‘\
ov]]
S
M@

- [EV’de-q‘N/EI} - ) {V/Bd - V,qugz;qlgq} '



Note that the rotational invariance property of the standard normal vector implies

~ — ~ — ~,— ~ d — — - —
|:V1Bd7V,quvgq(}?V/de'qV} = [Bd)quaSqqlasdd'q] ;

which leads us to obtain

Faso £ G [Ba—SayS¢ By] %' - [igdd'qi} os [Ba — SaqSyq By

i}
<
<

SIQSIQ

as desired. The proof of part (b) is similar, so we omit the details. To prove part (c), we use the
same arguments and obtain

e _ _ _ N _
J05) % T = G- {U’Bm —U'T, (TS P’AS—le} x U'S7IU (B.27)

x {U' By — U (T4S7'T4) ' ThS™' B }

L G{By — UTAVA™ [By—S4S; B,]}' §7
X {Bm — UT\VA™' [By—SasSy By) }

which is continued in

where the last equality follows from straightforward calculations. Lastly, it is not difficult to

check that the convergence results in (B.31)) and (B.27)) hold jointly. This completes the proof.
[
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B.3 Proof of Proposition [6]

Proof. Let UXV' be a singular value decomposition (SVD) of I'y. Also, define B%’g =U'Bp, 4,
BY =U'B,,, and

DY} DY
DY = U'Do U = | x4 dxa (B.28)
co m T e T DU DY, |- '
21 22
gxd qxq

Using the similar argument in the proof of Proposition (a), we can show that
. _ O e R -
V(s — 0) L —vAIG (Bg ~ DY, [}D)QUQ} Bgf) and Q(01) % ADA,

where holds jointly. It then follows that

Fog,)(02) = ; [R(b> -~ 00)] (Rmmél)@)}z’)*l |R(0:— 00)]
= j -(By — DY []TDQUQ} T BUYA VR (R <r’ (A]TDOOA’> o r>_l R h

x RVA~Y(BY — DY, [@g@} BY)

-1
_ ~ ~ -1 _ B _1 -1
= g -(By — DY |:]D)2U2:| BYYATVV'R - {R [F' (A’)71 U (U’]D)OOU) U’A_lF} R’}
_ ~ M~ -1 _
x RVA~Y(B] - D, |DS,|  BY)
G - O ~ 1
= (Bf - Dp, [DQUQ} BUYA VYR {RVA_l]ID[l]l,QA_l’V’R’}

x RVA~Y(BY — DY, [DY,]  BY).

Let ﬁpxpiffd’xd be a SVD of RVA™!, where & = (flpxp, Opx(d—p))- Also, define

Vaxa O >
V= ,
< O Iqu

and
y Dy Do ) ( Vixa O >/< DY, DY > < Vixa O > 15U
D = v ) = ~ ~ — V D V
( Doy Moo 0 I DY, D 0 I >
Then,
o 1 < 177! B, / iﬂﬁ@/ RU U/ vﬂﬁw’ /
b= > V'U'(Bmg = Bm)(Bm.,g — Bm) VU + I, BY(BY) 3
g=1
a1 ¢ ﬁ”ﬁ ﬂ”ﬂ '
a D Do/ i D D/ it
d Gz;(Bm,g — Bun)(Bumg — Bu) + ( i ) B,B, ( i ) ,
g:

11



which implies that

v ~ G
v D D, _ a1 _ _ - . /
Dyp o= PP . pd=p ):§ Byo—Ba)(Bao—Ba)'+(V'Bs ) BB, (V'8 ) , (B.29
H <]D)dp,p H))dfp,dfp ngl( o d)( o d) < W) ! q< W) ( )

and

G
y D 1 _ _ - _
Do := ( . P4 > L e § (Bag — Ba)(Bgy — By)' + (V’BW> B,B;. (B.30)

G - VT N1 _ N
= (BY — D1aDyy BY )V {EV D112V} - SV/(BY — D1y, BY)
dG 5 & ®1p "1 b H-1h,. ) A’ _121 5 % H-lp
= E ' [BP - qu)qq BQ} { (HDPP - ]D)Pq]D)qq ]D)QP) } [BP - ]D)qu)qq BQ}
a G 15 = = 151 (% Lox1x Y s w w14
= E : [ P ]D)pqm) q BQ} ]D)pp - ]D)pq]D)qq DQP) [Bp - ]D)PQ]D)qq BQ] ’ (B'31)

where qu, ]ﬁ)qq, and ]Tqu in the last two equalities are understood to equal the corresponding
components on the right hand sides of (B.29) and (B.30]). Here we have abused the notation a
little bit. We have

D,y Dy \ 4 Spp S L= =y
M ZE = &7 & | +woB,B B.32
(}D);,q Dgq prapte Spy  Saq et (B:32)

for

~p
W= ( By ) c RP+a)xaq
1

Direct calculations show that the representation in (B.31]) is numerically identical to

B,\ (B, E.\ '/ B -
G D ) ( pp rq ) ( ~p ) _ G- BI Sle
( B, E;)q Eqq B, qqq P4

which completes the proof of part (a). To prove part (b), we repeat the same argument in the
proof of Proposition [8(b) and obtain that

Y

1
p

.1 1 &
Vngn(fs) = — — ) [A6) | +o0p(1)
2 G; \/EZ; 2

_ _ ~ ~ -1 _
4AVG [UB% N <BdU — DY, {]D)gz} BU>]

12



with DY, and DY, given in . Therefore, we have

~ ~ —1
J(62) = ngn(0:) (an) 9n(02)
d AU R A DA RN VIS
4 GIUBY —Ty\vA~ (BY - DY, []D)m} BU) b xA (A}D)OOA) A
X {UB%—FAVA1< — DY, )}
e {B,SQ —U'T\VA™ <B§{ - DY, []ﬁ)2 ] BY
_ _ ~ ~ -1 _
x {B% — UT\VA™? <B§{ ~ DY, []D)QUQ} BY } :

which is continued in

where the second last equality follows from straightforward calculations. The joint convergence
can be proved easily. m
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B.4 Asymptotics for LM and QLR statistics

In this subsection, we construct the Quasi-Likelihood Ratio (QLR) and the Lagrangian Multiplier

(LM) statistics in the GMM setting and investigate their fixed-G limits. Define the restricted
~C,T

and centered two-step estimator 6,

~C,T

A -1
05 = arg min g, (0)' [90(91)} gn(0) such that RO = r.
S

The QLR statistic is then given by
AC AC,T n ATy [Ac/h -1 ~C,T ¢ -1 ~cC
LRoe(ay) (03, 057) = L on (@) [0°00)]  9n(@37) — () [0°6B0)]  gn(B) -

To define LM or score statistic in the GMM setting, let SQC(.)(G) be the gradient of the GMM
criterion function T'(6)[Q°(-)]gn (), then the GMM score test statistic is given by

St @] {2657 [260)] f(éé”")}_l [Sae) @]

In the definition of all three types of the GMM test statistics, we plug the first-step estimator 6,
into Q°(-), but Lemmalndlcates that replacing 6, with any \/ﬁ consistent estimator (e.g., 02 and
92) does not affect the fixed-G asymptotic results. This contrasts with the fixed-G asymptotics for
the uncentered two-step estimator 0. Lastly, using the same multiplicative factors as in Section
[ in the main text, we can also construct the modified QLR and LM statistics.

Proposition B.4 Let Assumptwnsm hold. Then,,
(a) LRQc(e )(92a‘92 ) QC(9 )(92) +0p(1)

(0) LMQC(Ql)(HQ ) Qc(g )(‘92) + op(1).
(¢) The modified QLR and LM statistics all converge in distribution to Fp G—p—q-

Proposition [B.4] shows that QLR and LM types of test statistics are asymptotically equivalent
to the Wald statistics FQC(O )(02) This also implies that all three types of test statistics share

the same fixed-G limit as given in the main text. Similar results are obtained by Sun (2014) and
Hwang and Sun (2017a), which focus on the two-step GMM estimation and HAR inference in a
time series setting.

B.4.1 Proof of Proposition

Proof. To prove (a), it suffices to show the asymptotic equivalence between LRQC(él)(ég,@;’r)
and Fg. ) )(02) holds under the fixed-G asymptotics. Recall that the restricted two-step GMM

Cc,T
estimator 6, minimizes

gul6) [0°00)] " 90(6)/2 + X, (RO~ 7).

The first order conditions are

Ay ACT

NP -1 ~c,T
(05") |20 9a(85") + R'Aw = 0 and ROG" <.
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Using a Taylor expansion and Assumption [3} we can combine two FOC’s to get
~c,r _ Aerh -1
V(" = 60) = =o' [2%(B)|  Vnga (60) (B.33)
_ i .11
'R (Ro'R) " RO [93(91)} Vgn(00) + 0,(1)

and
VA, = —(R®IR) 1RO [Q;(él)] T ign(80) + 0p(1), (B.34)

R
where @ :=T" {90(91)} I'. Subtracting (B.33|) from , we have

V" —8) = —o 'R (RoIR) T RoIY [Qe(@l)}_l\/ﬁgn(eo)ﬂpu) (B.35)
= 0,(1), (B.36)

where the equatlon comes from Lemma(b) and Assumption ii). Thus, we can approx-
T
imate g, (05 ) around 02 as

gn(057) = g, (05) — (85" — 03)'T(B) + 0p(n~Y/?).
Plugging this into the definition of L Rflc(él) (9;’ ég,r%

AC ~C,T n ~C,T ~ PN Ac/h 1. 4 ~C, A
LR 3,)(05,057) = p{w; 05105 || T 0 (B3

ace [ » 1. ¢ ~er ~c
20, 05) [Q60)] D -8} + 0,00,

where the last term in (i is always zero from the FOC of @g Combining 1' and 1 ,

we have

AC A~

)05 [Q0(00)] D@55~ 5) + 0p(1)

AC AC,T

LRQc(él)(Gza% ) = 0
[ 'R (R®'R) " R®™ 1r’[ Q< } 1\/ﬁgn(90)],x
¢~'R (ROT'R) " RO 1F’[ ‘ 91] Vi gnwo)} +0p(1)

Re-IT [QC(@I " ign(00) (RO'R)™

Q°(
x | R®IT’ [Qc(él fgn o) } +op(1
= FQc(él)(éQ) + Op(l):

as desired. To prove part (b), we show LM, él)(ég”") = LRQC(él)(ég, 05") + 0p(1). From the first
(B.34), we expand the score vector by

order condition of 9gr and the equation (B.3
ViSaua @) = PO [0900] T Va5 = Ry,
= R(RSR) RO [0500)] Viaga(00) + o, ()
= —0vn(d; —05) +op(1),
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and so

Mgy @57 = (@ = 05Y0(85" — 85)/p + 0,(1)
— LR (05.057) + 0,(1)
= Fg‘zc(él)(é2)+0p(1):

which leads the desired result. The proof of (c¢) directly follows from the results in (a), (b), and
Proposition [§ =
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B.5 Asymptotically unbalanced sizes in clusters

In this subsection, we present the fixed-G limits of the centered CCE and corresponding test
statistics assuming the asymptotically unbalanced cluster sizes. We assume that the cluster size
Ly — o0 as m — oo such that

L
;g—>)\g>0foreachg:1,...,G. (B.38)

By construction, Zle Ag = 1 for all possible Ay € (0,1). Also, Assumption ii) guarantees that
the total (scaled) sum of moment process satisfies

G Ly
L, 1 -
Vign(0o) = ;g = > f(6o)
g:l g =1
. G
5 "V AgAgBrmg ~ N(0,9),

where Q = > A,€,. Keeping the same notations in the main text, we define an m x m random
matrix

G G !
M=M=y (mBm,g 2> MBm,h> (@Bm,g A MBm,h) :
h=1

g=1 h=1

Also, we denote My, M4, My, and My, as sub-matrices of M in a similar manner in the main
text.

Propos_ition B._5 Let _Assympt_z’ons ﬁ hold, where Assumption z'ii) 1s replaced with .
Define My,p.q = M, — Mqu;qqup. Then,
(a) °(0) < AMN/ for any \/n-consistent estimator 0.;
A d ~ ~
(b) FAC(él)(Hg) — Fooo := Faso(A), where

G G
~ 1 - —
Fao0(A) = 5 Z vV AgBpg Mquqq1 Z \/EBq g Mpplq
g=1 g=1
G ~ ~ G
X Z VAgBpg Mquc;z1 Z \/YQB(LQ
g=1 g=1

() th(gl)(02) 4 Taoo i= Toso(A), where

G sl VY G
T _ Zg=1 AgBp.g — MPquql g=1 \/EBq,g

Mpp‘ q
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B.5.1 Proof of Proposition

Proof. We only prove parts (a) and (b), as the proof of part (c) can be done similarly. To prove
(a), note that the centered CCE can be represented as:

o G 1 Lq G Ly
()= ﬁz@’ ESPIAC )
g=1 i=1 [ g

hl'Ll

1 Lg G Lh
M FAGO RS SN A()
L (ro- S |
For each g = 1, ..., G, we use the same arguments in the proof of Lemma [7] and obtain that

LS g - LY of/(0)
=0 = ﬁZ{ff(eo) 20 - eo>}< +o,(1))
i=1 =1

Lg LQ g ~
_ \/173 > F(00) + (];Lg) ' Li > 8%2?0) V(0 = 0o)(1 + 0p(1))
i=1

9 =1
Lg
_ {\/Z . ﬁ S (00 + (i) Ty - 90)} (1+ 0p(1))
9 ;=1
{\ﬁ \/,ng (60) + AgTv/n (6 — 90)}( +op(1));
=1

where the last equation follows from (B.38]). Similarly,

1%(1iiﬁh<9>) 29SS )4 o)
ﬁi:l nh:l =1 ' \/ﬁ =11i=1 ' .

Lh g P
{\/15 > (ff(ao) + 8{90(,9) 0 — 90)> } (1+0,(1))
1 =1

Ly,
1{\/7 szh (60) + AT V(8 — 90)}( +0p(1))

h
G
:)\g

(]

i

Ma

h

Ly

G
- %Z(f rth 90)+>\ T V(0 - 9o>}<1+op<1>>,
h=1

where the last equation holds from Zf: Ap = 1. It then follows that

G Lyg
fg o fg _ f99
S LR L) R e
G
Y ( th90>}1+0p())
h=1
% VAgBing — Ag Z V2B,
h=1
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where the convergence holds jointly for g = 1,..., G by Assumption ii). By continuous mapping
theorem, this leads us to the desired result in (a). To prove part (b), note that the result in (a)

and imply
Vil ~0) = - (r'[acn)] r)_l o [@0)] " Viga(00) + 0,1

4 O\MIT,] T M Z VAgBmg |
and leads us to obtain Fﬁc(él)(é;) -, Fooo where

a !
-1

P+ = Fanl) = L RO T (32 VAB || [R(T2) 1]

x |R(TAMT)) " Ty M Z\FBM

Let UXV’ be a singular value decomposition (SVD) of T'y. Also, denote ULV’ as a SVD of
RV A~!. Then, it is check that the following rotational invariance properties hold

G G
S VABug M £ U [ ST AgBiy | UMU|
g=1 g=1

and

G
> VAgBag, Mag, M}, Ma.q
_g:1
~ G ~ — — ~ — ~
V'S "V AgBag, VMg, M}, V' MgV
g=1

II=

for U'U = UU' = I, and V'V = VV’' = I;. Then, the rest of proof is similar to that of
Proposition I . The only differences is that the limit of CCE matrix S and B,,, and corre-
sponding subcomponents are replaced with M, Z g=1 \/> B, 4, and corresponding submatrices,
respectively. m
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B.6 Iterative Two-step and continuous updating Schemes

In this subsection, we consider two types of continuous updating schemes first suggested in Hansen
et al. (1996). The first is motivated by the iterative scheme that updates the FOC of two-step

GMM estimation until it converges. The FOC for é{E is
D(01)' 0 (O g (01) = 0 for j > 1.

In view of the above FOC, é{E can be regarded as a generalized-estimating-equations (GEE)
estimator, which is a class of estimators first proposed by Liang and Zeger (1986) and further
studied by Jiang, Luan, and Wang (2007). When the number of iterations j goes to infinity

until 9‘17]3 converges, we obtain the continuous updating GEE (CU-GEE) estimator fcu.cER. A
recent paper by Hansen and Lee (2019) provides a rigorous theory for the existence of the iterated
GMM estimator in Hansen et al (1996) in the context of both correctly specified and misspecified
population moment conditions. The iterated GMM estimator is obtained by iterating the GMM
object function instead of the FOC. Under correctly specified moment conditions, it is not difficult
to check that the CU-GEE estimator considered here is asymptotically equivalent to the iterated
GMM estimator. The FOC for @CU_GEE is given by

T(fcu-cer)’Q  (Ocu.cer)gn(@cu-cer) = 0. (B.39)
Define
Ak () (D 2
Q*(0cu-cer) = Q0cu-cer) ZL - gn(Bcv-cee)gn(Bov-cer)

which is an asymptotically equivalent eversion of the centered CCE Qc(écU_GEE). While we
employ the uncentered CCE, Q(-) in the definition of Ocy_grEr, it is not difficult to show that

[(Ocv-cer)' Q@ (Ocu-crer)gn(Bcu-cer)

. A -1 1
=T(0cucer) (Q*(HCU-GEE)) gn(Bcu.cER) - - ,
14 v} (0cu-geE)

where

o 1
vi(cu-cee) = ZL2 - gn(fcu-cer) (Q*(9CU-GEE)> gn(0cu-GER).

Since 1/(1+v*(Ocu-ger)) is always positive, the first-order condition in (B.39) holds if and only
if

R A -1 .

T'(fcv-cer)’ [Q*(QCU—GEE)} 9n(Ocu-ger) = 0, (B.40)

which indicates that replacing the CCE in by QO (éCU-GEE) has no effect on the iteration
GMM estimator.

The second CU scheme continuously updates the GMM criterion function, which leads to the
familiar continuous updating GMM (CU-GMM) estimator:

fcu-cram = arg ming, (0)'Q71(0)g,(6).
)
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Although we use the uncentered CEE Q(G) in the above definition, the original idea of Bou.aMM
in Hansen, Heaton and Yaron (1996) is based on the centered CCE weighting matrix Q¢(6). With
M, =n""t 25:1 Lg, it is easy to show that

M g ()07 0)g0(0) = Mo - g0 (6Y2(6) [946) ~ My 90(0)90(6)] [27(0)] " 9006)

= My gal0) [2°0)] " 90 (0) {1 Mo ,(6)07 0)3a0)}.

Thus, we have

s Ty ]t _ My ga(0)Q(0)9a(6)
M, - gn(0) [Q (9)} n(0) = 7 — My - gn(0)Q-1(0)gn(6)

The above equation reveals the fact that the CU-GMM estimator will not change if the uncentered
weighting matrix () is replaced by the centered one Q*(6), that is,

~ N —1
dov-can = argming, ()’ [2*(0)]  ga(6). (B.41)
0cO

Similar to the centered two-step GMM estimator, the two CU estimators can be regarded as
having a built-in recentering mechanism via the version of CCE weight matrix Q*(Q) For this
reason, the limiting distributions of the two CU estimators are the same as that of the centered
two-step GMM estimator, as is shown below.

Proposition B.6 Let Assumptions M hold. Assume that éCU-GEE and 9CU-GMM are \/n-
consistent. Then

~ —1 _
Vilbeu aow - 60) % — [ (9%) 7' T| T (Q%) " AVGE,,

and

~ —1 _
Vilhcu o = 00) % — [T (Q%) ' T| T (Q%) ™ AVG B,

The proof of proposition shows the asymptotic equivalence between two versions of centered
CCE weighting matrix, i.e. Q*(0) = Q¢() + 0,(1) for any y/n-consistent 6. As a result, the CU
estimators and the centered two-step GMM estimator are asymptotically equivalent under the
fixed-G asymptotics. Based on the two CU estimators, we construct the Wald statistics as

A~

1 . - . L
L C S Z;(R@CU-GEE — T)/{RUQTQc@CU_GEE)(HCU—GEE)R/} Y(ROcu.grr —7)
(B.42)
and
. 1 . _ 5 1
FQc(gCUCMM)(%cU_GMM) = ];(RHCU—GMM - T)'{RUCLT‘QC@CU_GMM)(GCU_GMM)R’} Y ROcu.aym — 7).

(B.43)

We construct tQC( 9CU_GMM) in a similar way when p = 1.

éCU-GEE)(HCU_GEE) and th(9CU-GMM)( N .

It follows from Proposition that the Wald statistics based on fOcuy.crrg and Ocu.gmm are
~C

asymptotically equivalent to F, Ac(é‘)(%). As a result,

, d , d
Facoy.app) (cU-GEE) = Faoo and Fo.( y(Ocu-amm) = Fase.

Ocu-cMMm
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Similarly,

5 d
Ocu-avm) = Tooo.

~ d
tﬁc(éCU—GEE)(QCU_GEE) — T2 and tﬁc(écumm(

Note that changing the centered CCE Q°(-) by *(-) is innocuous to our fixed-G limiting distri-
butions. In summary, we have shown that all three estimators 9;, 9CU_GEE and éCU_GMM, and
the corresponding Wald test statistics converge in distribution to the same nonstandard distrib-
utions. Proposition [8}(c) and (d) continues to hold for the CU-GEE and CU-GMM estimators,
leading to the asymptotic equivalence of the three test statistics based on the CU-type estimators.
That is, the CU-GMM estimator shares the first order fixed-smoothing limit with the two-step
GMM estimator in our paper. Similar results have been found in a recent paper by Zhang (2016)
in a time series setting who develops the fixed-smoothing asymptotic theory for the CU-GMM
estimator.

Together with Theorem Proposition imply that the modified of Wald, LR,LM, and ¢
statistics based on the CU estimators are all asymptotically F' and ¢ distributed under the fixed-G
asymptotics. For the finite-sample corrected variance formula, we have the following expansion

Vn(fcu.aee — 6o)

__ <r' (00) " r> Y (2(00)) " Viiga(8o) + Eznv/mlBev-crr — o) + 0, (1) (B.A44)

This can be regarded as a special case of wherein the first-step estimator 0, is replaced by
the CU-GEE estimator. Thus,

i(Ocu-crn — 00) & — (I — Ean) " <r’ (QC(GO))_l r) e (QC(@O))_l Jrgn(60),  (B.45)

We can obtain the same expression for the CU-GMM estimator \/ﬁ(éCU_GMM —6p).
In view of the representation in (B.45)), the corrected variance estimator for the CU type
estimators can be constructed as follows:

. . -1 . ~ -1
W o _ —— _ ol
VAT e oy pp ) (OCU-GEE) = (Id 5CU-GEE> var (GCU-GEE) (Id 5CU-GEE)

. . -1 . ~ -1
— — !
VO he (o o) P CU-GMM) = (Id - 50U-GMM> var (9CU_GMM) (Id - 5CU_GMM> ;

where
N N A 1,11
Ecu-GeEl., J] = {F' [QC(QCU-GEE)] F’}

. .. —1 90Oy . -1 R
x T { [QC(QCU-GEE)} (;QUGEE) [QC(GCU-GEE)} }gn(QCU_GEE)
J

and EACU_GMM is defined in the same way but with 9CU_GEE replaced by QCU_GMM. With the finite
sample corrected and adjusted variance estimators in place, the Wald and ¢ statistics based on the
CU estimators also converge in distribution to the same nonstandard distributions in Proposition
(a) and (b), respectively.
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B.6.1 Proof of Proposition

Proof. For the result with CU-GEE estimator éCU_GEE, we have

_ -1 _
Vn(fcu.cer — 6o) = — (F' [Q*(éCU-GEE)] 1 F) I [Q*(écU-GEE) 1 Vngn(0o) + op(1).

We first show that o L
Q(0) = O°(0) + 0p(1) (B.46)

for any \/n-consistent estimator 0. Recall that

g=1
o 1 G Lg ~ Lg '
Q@) = -~ (Z(ffw)gn(e)) (fow)gn(e))
g=1 \i=1 i=1
- 1 G Lq /
= Q) — g.(0) (nZLngﬂe))
g=1 =1

Thus, (B.46) can be proved by showing

G Ly ! G
gn(0) (i Z Ly Z f{q(é)) = (n Z L;) - gn(0)gn (0) + 0p(1). (B.47)
g=1 =1

By Assumption iii) and \/n-consistency of 0,

—_

@ [ 1371 iff"(@) o La(0) 1%@)1%#() |
n ng:1 g — 7 n ngl L \/fi:1 )
~ (1 & B ,
— Vg0 (G;ﬁ;ﬁ(m) (14 0,(1))

Similarly, we obtain

1 & L G 2 S
(TL Z Lg) : gn(e)gn(e)/ = Z <ng) : ngn(e)gn(e)/
g=1



which gives the desired result in (B.47)).
Now, usingy/n-consistency of fcuy.geg , we can apply Lemma |7 I to obtain Q* (90U GEE) =
Qe (0o) + 0p(1). Invoking the continuous mapping theorem yields

Vilbovase —00) 4 — {1 @) T} {1 (05) 7 AVGB.},

as desired. o o
For the CU-GMM estimator, we let 1Y (GCAU_GMM) be the j-th column of IV (Acy.gym ). Then,
the FOC with respect to the j-th element of Ocy.cm is

o o -1
0 =T1Y(Ocu-amm)’ [Q*(HCU-GMNI)} gn(fcu-amm)
R o 1 L 1
— gn(Ocu-avm)’ {Q*(HCU-GMM)} T;(0cu-anm) [Q*(GCU-GMM)] gn(@cu-cmm),  (B.48)

where

G Ly Lg g , G !
Ge) = oy (fo@) ( e )) - (iZLﬁ) 00 (%57)
; : J g=1 J

g=1 \i=1 i—1
G Ly Ly g / /

) %Z (Z fig(e)) (Z 8];5)) = L(1+o(1)) - gn(0) (a%,;ge)> :
g=1 \i=1 i—1

Thus, the second term in (B.48]) can be rewritten as

R " R . -1
gn(Ocu-can)’ [Q*(GCU-GMM)} Y5 (Ocu-cam) [Q*(GCU-GMM)} gn(Ocu-cnm)

i L
= o7 11 1A
- \/Eg”(QCU-GMM), [Q*(QCU—GMM)} a Z (L Zf{q(GCUGMM))
| o=t i=1
1 < 9ff (Bov-cana) 1 & (1 05 (Bov-cau) I
" L;wj'né;L;wj

o 1 =
X [Q*WCU—GMM)} \/Egn(HCU-GMM)(l + 0p(1)).
Given that éCU-GMM =0y + Op(iflﬂ) and Q*(éCU-GMM) = QC(QO) + Op(l), we have
Q*(Ocu-anm) = O,(1),

G Lg
\/Egn(éCU-GMM) = éz (\}L Zfig(é?o)) + F\/E(éCU-GMM —00) + 0p(1) = O,(1),

*nge nge Zafg@(e ~00) =0, (=
CU- GMM 0 90 CU-GMM 0 D \/f )



and for each g =1, ..., G,

L Ly - G Lg o /
1< g 1 = 0ff(Bcu-cnm) 1 1 = 9 (0cu-gum)
(L;fi (GCUGMM)) { (L;OH - G; 7 ;89

1 1
p \/Z p( ) P \/E
Combining these together, the second term in FOC in 1) is op(I_fl/2). As a result,

-1

PN Al A 1
I'(Ocu-ayn)’ {Q*(QCU-GMM)] gn(Bcu-amm) = op () .

VL
Using this result and O (9CU-GMM) = QC(@O) + 0p(1), we obtain the desired result as

-1

Vn(fcu.aam — 6o) = — {T' [Q*(éCU-GMM)} - F} I’ [Q*(éCU-GMM)} - Vngn(6o) + op(1)

<) tr) ) AVEB,,
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B.7 Application to linear dynamic panel model

This subsection illustrates how to implement the GMM testing procedures in the context of linear
dynamic panel model under clustered dependence. Consider

Yit = VYit—1 + TS+ 1; + Wi, (B.49)

fori=1,...,n,t=1,...,T, where x;; = (acilt, ...,xiﬁl)’ € R%!. The unknown parameter vector is
0 = (v,8')" € RY. We assume that the vector of regressors w;; = (yit—1, 2}, ) is correlated with 7;
and is predetermined with respect to u;;, i.e., E(wjuji+s) = 0 for s =0,...,T — ¢.

When T is small, popular panel estimators such as the fixed-effects estimator or first-differenced
estimator suffer from the Nickel bias (Nickel, 1981). Anderson and Hsiao (1981) consider the first-
differenced equation

Ay = Awl0 + Aug, t =2,...,T,
and propose a consistent IV estimator that employs the lagged w;:, e.g. w;—1 or Aw;_1, as the
instrument. Building upon Anderson and Hsiao (1981), Arellano and Bond (1991, AB hereafter)
examine the problem in a GMM framework and find dT'(T — 1)/2 sequential instruments:

Z; = diag(2ly, ..., zi7),
(T—1)xd(T—1)T/2

where zit = (Yi0, -+, Yit—2, Thys -, Thy_1)', 2 < t < T. The moment conditions are then given by
E (Z;Au;) =0,

where Aw; is the (T'— 1) vector (Au;g, ..., Au;r)’. The original AB method assumes away cross-

sectional dependence, but clustered dependence can be easily accommodated. Here we assume

that the moment vector {Z/Aw;}" ; can be partitioned into independent clusters. That is,

{Z!Au;} | = UgG:1 U£i1 {27 Au} with ZJ' Auf and Z/ Aul being independent for all g # h.
The first-step GMM estimator with initial weighting matrix W, ! is given by

b1 = (Aw' ZW,; ' Z' Aw) ™ Aw' ZW,; 1 2 Ay,

where 7' is the dT(T — 1)/2 x n(T — 1) matrix (21, Z5, ..., Z],), Aw; is the (T — 1) x d matrix
(Awja, ..., Aw;r)’, Ay; is the (Ayso,..., Ayir)’, Aw and Ay are (Awi, ..., Aw},) and (Ayj, ..., Ay, ),
respectively. The examples of W,,’s can be Z'Z/n for 2SLS and n=1 >°" | Z!HZ; where H is a
matrix that consists with 2’s on the main diagonal, with -1’s on the main diagonal, and zeros

elsewhere.
The Wald statistic{ﬂ for testing Hy : ROy = r vs Hy : ROy # r is given by
A L, - / — ) Nt o
F(Br) = (BB~ ) {Rvar(ﬁl)R } (Rfy — 1),
where
war(0y) = n (Aw' ZW; 1 2/ Aw) " (Aw'zw,;lfz(él)w,;lz'aw) (Aw' ZW,; 2/ Aw)

Let Z4) be the L(T — 1) x dT(T — 1)/2 matrix obtained by stacking all Z;’s belonging to
cluster g. Similarly, let Adg) be the Ly(T — 1) stacked vector of the estimated first-differenced

3The formula for the t statistic, which is omitted here, can be similarly constructed.
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errors At; = Ay; — Awgé’l. Then, in the presence of clustered dependence, the CCE and centered

CCE are constructed as
ooy - L3 (Hodio) (Zoi
G VL VL

g=1
and
/
G0y = 15: Zighi) 1 K ZpAg) | [ ZiAiy 1 GpAig)
G\ VL G4 VI VI G§:1 NG

Using the centered CCE ¢(0;) as the weighting matrix, the two-step GMM estimator @; is

5 = <Aw’Z )] zfm) D awz a2y,
and the t and Wald statistics for @; is

Foe(in85) = 7 (R = r) (R g, 3, (B2) Ry (Rl = v),
Wﬁc(él)(@g) =n {Aw’Z [QC(@l)} o Z'Aw}l .

Under the conventional large-G asymptotics, both F(6;) and Faeid, )(92) are asymptotically x2/p.
Under our fixed-G asymptotics, we have

~ 4 G
F(gl) — ﬂFp’G_p and
sy d G
Fac(o)(P2) = G, = v (1arP). (B.50)

In addition to utilizing these new approx1mat10ns we suggest a variance correction in order to
capture the higher order effect of 01 on °(0;). The finite sample corrected variance is

varﬂp(e )(02) = Uarﬂr( )(9 )+ &, var nUaT e ) )(9 )+ Wﬂc(él)(@;)g’t + EARW(él)g,'L, (B.51)
where the j-th column is given by

ol = — <Aw’Z [02(00)] o Z’Aw) Aw'z [0e(@0)] 0

0 (0)
90;

[QC(él)} 7' A,
6=0,
Aty = Ay — Awby,
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and

>

o00¢(0 5 A
R RO
I lo=b,
!
ZG: “(9)2%i(9) Z Z g)Aw @ Zég)Au(g) 1 zG: Zég)Au(é)
=\ v G NG G~ VI ’
Awi = (Awl’i, ceey Awdﬂ') and Aw(g) = (AwL(g), ceey Awd7(g))

(T-1)xd (T-1)xd

for each j = 1,...,d. Here, Aw(, is a Ly(T — 1) x d matrix that stacks {Aw;};_; belonging to the

group g.
Based on the finite sample corrected variance estimator in (B.51)) and the usual J statistic,
we construct the modified Wald and t statistics

9)

T ="y

(B.52)

where

A~ ~C A ~C -1 ~C
() = negu(®) (9°0)  (0)9n(03)

~ !/ ~
[ Z'Au(by) [ ae (96)} -1 ( 7/ Au(65)
N NG 2 N
From the t and F limit theory in Section |4 and the fixed-G approximation of the finite sample
corrected variance in Section [5] we have

AL ACy d

Fﬁc(él)(02) - FP7G*IJ*Q (B53)
and

G—q

d
Gq J(HQ) — L'q,G—q-

The critical values from the t and F distributions are readily available from statistical tables.
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B.8 Procedure for cluster-robust Hall and Horowitz (1996) two-step GMM-
bootstrap

Conditioning on the original sample { Z(,), Aug)(0), Ay(g), Aw(g)}g’;l, let {Z7, Ay, Au;(0), Aw;}l | =
U?Zl{ 2y Ayz‘g), Auz‘g)(Q), Awfg)} be a cluster-wise bootstrap sample. Given the b-th resampled
data Ug’;l{ szg), Ayz‘g),Au’("g) (0),sz‘g)}, we can implement the GMM bootstrap procedure in
Hall and Horowitz (1996) as follows. R
Step 1: With the recentered moment function (Z)'Auw’(0) — E*[(Z}) Au}(61)], obtain a

bootstrap version of the initial estimator:
~ -1 A
0y = [(Aw) 27 W) (2 Awt| - (dwt) 27 W (27 Ay - 2/ Au(dy)

, where W} =n=2 Y"1 (Z}) ZF.
Step 2: Obtain a bootstrap version of the two-step GMM weighting matrix QC*(éI’(b)) with
the recentered moment process (Z*)'Au¥(0) — E*[(Z) Aut(6y)):

e A 1 ¢
Q% (01,01 02) = & >

2 VL G~ I
/
(Z7)) Aut, (0) _1§:Z€h)Au(h)(02)
VI G VL
, and corresponding two-step GMM estimator:

N - -1 -1
* *\/ 7% | AexpF * * «\! 7x | ek nF
b = (0w 2 [0 )] (2 o] (@dur) 2 [000)] %

[(Z*)’Ay* - Z’Au(él)} .
Step 3: Construct the b-th bootstrap version of t statistic:

e R(05, — 02)
t*(0a,)) = ©

Ak

\/RWQC*(G’;@)%%) (02,6)) B

Ak ~

A * P -1 -1 . .
where UaTQC*(éI,(b))(QQ,(b)) =n ((Aw*)/ z* [QC*(HL(b)E 92)} (Z*)’Aw*> , and J statistic:

7% A (0 1) — 7' Au(Ba) ]
vn
AN (N E Z’Au(@g)]

[0 (8 y:2)]

T (03,y:02) =

NG

Step 4: After repeating 1~3 steps B-times, compute the two-side bootstrap p-values for t
and J statistics with

29



B B
Pt HH = %Z 1 ( t*(é;,(b))‘ > ‘t(éz)D and pyun = %Z 1 (J*(ég(b)) > J(@g)) .
b=1 b=1

Then, we reject Reject the null hypothesis Hy : RO = r iff
PiHH S o
, and reject the null hypothesis of J test Hp : E (Z/Au;) = 0 iff

PIHH S o
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B.9 Testing the level of clustering

The Ibragimov and Muller (2016, IM hereafter)’s test considers a scenario that empirical re-
searchers face a choice between a small number of coarse clusters and a large number of the finer
level of clusters. The null hypothesis is that a finer level of clustering is appropriate with a con-
sistent CCE estimator, against the alternative the only fewer clusters provide valid information.
As a general motivation, consider a linear regression

= (X7)'0+ €,

where y! and X7 are the i-th of Ly observations from cluster g = 1,..., G. Suppose a researcher is
interested in the j-th element of # € R, 3 = 6;-9, where e; is a j-th standard basis vector in R,
We first partition sample into G clusters, and estimate the model only using the L, subsamples
in cluster g and obtain /Bg for each g = 1,... G, and compute the following statistics S2:

. . G
% = ﬁ (B~ B)? where = = Z (B.54)

In the estimation of B?, one also calculates its cluster-robust standard errors &, assuming the
finer level of clustering within each group g is appropriate. To obtain the critical value of S?, we

draw Yy, i N(0, &3) for g =1,...,G, and compute

G G
_ 1
Sy === (¥, = Y)? where YV = e > Y, (B.55)

When the test statistics S? is larger than 95% empirical quantile of the 10,000 draws of S%,, the
test rejects the null hypothesis of validity of finer level of clustering. IM (2016) shows that the
test is asymptotically size corrected, and has a non-trivial asymptotic power when the fine level
of clustering ignores correlation among the observations in the coarser cluster.

In our empirical example in Section [7} we consider a finer clustering at the level of individuals.
To apply the IM’s test, we first need to estimate the key parameter of interests, 3,4, 5., and B
including all nuisance parameters at each county level cluster. However, we note that the sub-
samples at each county in Emran and Hou (2013)’s data set are insufficient to estimate the full
regression equation in Section [7} This is mostly coming from having control variables that do not
have sufficient within-cluster (within-county) Varlatlons Thus as the next best thing, we could
estimate the cluster-specific OLS estimators, Bd, 5§, and ﬂ 4s» for each county cluster g by only
considering the key variables of interests in the regression. We also compute the corresponding
robust standard errors, 6%, 69, and 67, at the level of individual clustering. Based on these
estimates, we construct the test statistics and corresponding critical values as in fB.55
for each parameter of interests. The corresponding p-values of tests are reported in Table [§] in
the main body of the paper.

31



References

[1] Anderson, T. W. and Hsiao, C. (1981): “Estimation of dynamic models with error compo-
nents.” Journal of the American statistical Association, 76(375), 598-606.

[2] Arellano, M. and Bond, S. (1991): “Some tests of specification for panel data: Monte Carlo
evidence and an application to employment equations.” The Review of Economic Studies, 58(2),
277-297.

[3] Bester, C.A., Conley, T.G. and Hansen, C.B., 2011. “Inference with dependent data using
cluster covariance estimators.” Journal of Econometrics, 165(2), pp.137-151.

[4] Bolthausen, E., 1982. “On the central limit theorem for stationary mixing random fields.”
The Annals of Probability, pp.1047-1050.

[5] Conley, T.G., 1999. “GMM estimation with cross sectional dependence.” Journal of econo-
metrics, 92(1), pp.1-45.

[6] Dedecker, J., 1998. “A central limit theorem for stationary random fields.” Probability Theory
and Related Fields, 110(3), pp.397-426.

[7] Emran, M. S., and Hou, Z. (2013): “Access to markets and rural poverty: evidence from
household consumption in China.” Review of Economics and Statistics, 95(2), 682-697.

[8] Hansen, L.P., Heaton, J. and Yaron, A., (1996). “Finite-sample properties of some alternative
GMM estimators.” Journal of Business €& Economic Statistics, 14(3), pp.262-280.

[9] Hansen, B.E. and Lee, S., (2018). “Inference for iterated GMM under misspecification and
clustering.” UNSW Business School Research Paper, (2018-07).

[10] Hall, P., and Horowitz, J. L. (1996): “Bootstrap critical values for tests based on generalized-
method-of-moments estimators.” Econometrica: Journal of the Econometric Society, 891-916.

[11] Hall, P.G. and Hyde, C.C., “Martingale Central Limit Theory and its Applications.” 1980.

[12] Hwang, J., and Sun, Y. (2017a): “Asymptotic F and t Tests in an Efficient GMM Setting.”
Journal of Econometrics, 198(2), 277-295.

[13] Jenish, N. and Prucha, I.R., 2009. “Central limit theorems and uniform laws of large numbers
for arrays of random fields.” Journal of econometrics, 150(1), pp.86-98.

[14] Jiang, J., Luan, Y., and Wang, Y. G. (2007): “Iterative estimating equations: Linear con-
vergence and asymptotic properties.” The Annals of Statistics, 35(5), 2233-2260.

[15] Liang, K.-Y. and Zeger, S. (1986): “Longitudinal Data Analysis Using Generalized Linear
Models.” Biometrika 73(1):13-22.

[16] Nickell, S. (1981): “Biases in dynamic models with fixed effects.” Econometrica: Journal of
the Econometric Society, 1417-1426.

[17] Sun, Y. (2014): “Fixed-smoothing Asymptotics in a Two-step GMM Framework.” Econo-
metrica 82(6), 2327-2370.

32



[18] Zhang, X. (2016): “Fixed-smoothing asymptotics in the generalized empirical likelihood
estimation framework.” Journal of Econometrics, 193(1), 123-146.

33



	Introduction
	Basic Setting and the First-step GMM Estimator
	Two-step GMM Estimation and Inference
	Uncentered Two-step GMM estimator
	Centered Two-step GMM estimator

	Asymptotic F and t Tests for Centered Two-step GMM Procedures
	Finite Sample Variance Correction
	Simulation Evidence
	Design
	Choice of tests
	Results with balanced and homogeneous cluster size
	Size experiment
	Power experiment  

	Results with unbalanced and heterogeneous clusters
	Unbalanced Clusters
	Heterogeneous Clusters


	Empirical Application
	Model and choice of clusters
	Results

	Conclusion
	Clustered (Grouped) dependence in spatial setting
	Primitive conditions for ULLN of Jacobian Process
	Primitive conditions for CLT for Group Means
	Proof of Propositions ?? and ??

	Proof of Proposition ??
	Proof of Proposition ??
	Asymptotics for LM and QLR statistics
	Proof of Proposition ??

	Asymptotically unbalanced sizes in clusters
	Proof of Proposition ??

	Iterative Two-step and continuous updating Schemes 
	Proof of Proposition ??

	 Application to linear dynamic panel model 
	Procedure for cluster-robust Hall and Horowitz (1996) two-step GMM-bootstrap
	Testing the level of clustering


